Обыкновенные дифференциальные уравнения первого порядка: методическое пособие by Мухарлямов Р. К. (Руслан Камилевич) & Панкратьева Т. Н. (Татьяна Николаевна)
  	
 
   
   
  !" " #$%%""&$'() "
*'!"$+ "!, +# '

-
 .

/
  	
 
0112
  
  	 

			 	
    		
 
	

 
      

 
 
 
 !"  
  
  #
	
     
$% 
!" &
 	
 	
  ' 
"  ())*  +, 
-%!
 . 
# / 	% 	 0 &/1 2 

!"2 &
 	
 	
  &/2  
2 &

 3#
!" &
 3  / &!"
!!    4!!"  	% 	
! & ! %
! 5  &/ 
!  6 	
	! 
! 	
 	
/2   7 6 
! 	
  %
2 
/   	
% 
%
1 	 	


7  
! 	
!1 / !  !" 
%
8© &

&
 ())*
 
   
 ! "#$%! &'
  
99 
  
! 10 	
            +
9( 
  y′ = f(ax + by + c)                 :
( )##  
  &#%!  ##  
(9 $
 &
                        *
(( 
  y′ = f
(
a1x+b1y+c1
a2x+b2y+c2
)
                 9(
(; $%%0
 &
                  9,
* +,  
 &- &# .
;9 < &
                          9.
;( 	% 	
 &
  !            9*
;; 
 -
&!!                         (9
;, 
 #
%&                            (;
;+ 
                            (,
/    &  # 0-
$%, '
1 *
,9 
  	!2 
!2                ;9
,( =

&10 6!"                      ;:
    "2  ! &"#, /*
+9 #
!" &
 1 	
  2 	  ,;
+( >  	

                      ,,
+; 
 <
6  !
                    ,.
+, ?	! &
                          ,@

	 
  
  
   	
  
		
 	
 
 99 
 
y′ = f(x)g(y), A99B
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−(x2 − 1)dy
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(x2 − 1)y = 0 ⇒ y = 0, x = ±1.
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b
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F (kx, ky) = (kx− ky)ky = k2(x− y)y = k2F (x, y),
P (kx, ky) = (kx)2 = k2x2 = k2P (x, y).
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z
= ln |x|+ C.
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z(1 + z2)
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=
Az
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B
1 + z2
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C
z
=
(A + C)z2 + Bz + C
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ln |x|+ ln(z2 + 1)− ln |z| = ln |C| ⇒ x(z
2 + 1)
z
= C.
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 y′ = 3y
3
x3 +
y
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. y′ = e
y
x + yx 
 (x2 − 3y2)dx + 2xydy = 0, y(2) = 1
6 xy′ = 2
√
3x2 + y2 + y 
 y′ = x+2y2x−y 
) 4  x = Ce
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 y = 0  . y = − ln ln Cx   y = x
√
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6y +
√
3x2 + y2 = Cx3   x2 + y2 = Ce4 arctg
y
x
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y = y0 + Y, dy = dY.
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a1X + b1Y
a2X + b2Y
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Y
X
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Y
X
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(
Y
X
)
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A(,B 	
 
y′ = f
(
λ(a2x + b2y) + c1
a2x + b2y + c2
)
.
7 5 !&/ &
   &
1  
! 10 	

 	&  z = a2x + b2y 
 

 , ? 
 &
 
y′ =
4y − 2x− 6
x + y − 3 .
 
! ?2 /& 	
/ 	
 2  ⎧⎨⎩ 4y0 − 2x0 − 6 = 0,x0 + y0 − 3 = 0.
$1 y0 = 2  x0 = 1  #! & y = y0+Y = 2+Y  x = x0+X = 1+X 
	!   2 &

Y ′ =
4Y − 2X
X + Y
=
4
(
Y
X
)− 2
1 + YX
.
C!&/! 
 &
 7 &1 &1 Z = Y/X 
Z + XZ ′ =
4Z − 2
1 + Z
⇒ −XZ ′ = Z
2 − 3Z + 2
1 + Z
.
C
 
! 1 
−dX
X
=
(1 + Z)dZ
Z2 − 3Z + 2 ⇒ −
dX
X
=
(1 + Z)dZ
(Z − 2)(Z − 1) .
 !6 	
&1 /" &
  	
 
%
1 + Z
(Z − 2)(Z − 1) =
A
Z − 2 +
B
Z − 1 =
A(Z − 1) + B(Z − 2)
(Z − 2)(Z − 1) ⇒
⇒ 1 + Z = A(Z − 1) + B(Z − 2).
C

 5 	
 2 	 2 	!&/ &
 
 A  B 
	
 Z0 1 = −A− 2B,
	
 Z1 1 = A + B.
$1 A = 3  B = −2 
1 + Z
(Z − 2)(Z − 1) =
3
Z − 2 −
2
Z − 1 ⇒ −
dX
X
=
3dZ
Z − 2 −
2dZ
Z − 1 .
=

&
ln |C| − ln |X| = 3 ln |Z − 2| − 2 ln |Z − 1| ⇒ (Z − 2)3X = (Z − 1)2C.
C
  
 ' Z = 1  C
2  
 	

(y − 2x)3 = (y − x− 1)2C, y = x + 1.

 

 + ? 
 &
 
(4y − 2x + 1)dx− (2y − x + 2)dy = 0.
! C
 &
  &
y′ =
4y − 2x + 1
2y − x + 2 .
#! 5 &
 	!  &! A(+B
a1b2 − a2b1 = 4 · (−1)− 2 · (−2) = 0.
J
a1
a2
=
b1
b2
= 2.

 	
 
y′ =
2(2y − x) + 1
2y − x + 2 .
#! & z = 2y − x 
z′ =
3z
z + 2
⇒ 3dx = (z + 2)dz
z
.
=

&  	
2  
 	

z2 = Ce3x−z, (2y − x)2 = Ce4x−2y.
, 3% 2 
,4
(7 (2x− y + 4)dy + (x− 2y + 5)dx = 0 
( y′ = x+2y−3x−1 
(( y′ = 1−3x−3y1+x+y 
(* (x− 2y + 1)dy + (2x− 4y + 5)dx = 0 
) 4 (7 (x + y − 1)3 = C(x − y + 3)  ( y = C(x − 1)2 − x + 2 
(( 3x + y + 2 ln |x + y − 1| = C  (* (5x + 10y + 11)3 = Ce−5(y+2x) 
  	

$%%0
 &
 	
   
&  y =
zm.  6   !&/   &
  /! 1 
 
  ! 	
& x 	
	" 
 1  	
 y
I 
 m  	
 y′ I 
 m− 1.

 

 . ? 
 &
 
2x2y′ = y3 + xy.
! C!  y = zm &
 	
  2mx2zm−1z′ =
z3m + xzm  
 %& 
 ! 2 +m− 1 = 3m = m+ 1  

 	! 1 
 ! m = 12  #! & y = z
1
2

x2z−
1
2z′ = z
3
2 + xz
1
2 .
6 % / &
 
z
1
2
x2 
z′ =
(z
x
)2
+
(z
x
)
.
C!&/! 
 &
 #! & z = xu G z′ = u + xu′ 
xu′ = u2,
du
u2
=
dx
x
,
1
u
= − ln |Cx|.
C
  
 ' u = 0  7
0  & y(x) 
x = −y2 ln |Cx|, y = 0.
, 3% 2 
,4
(/ x3(y′ − x) = y2 
( y′ = y2 − 2x2 
(. xdy + y(3xy + 1)dx = 0 
( y2
√
x− y2x2 = 2xy′ + y 
) 4 (/ x2 = (x2 − y) lnCx  ( 1 − xy = Cx3(2 + xy)  (. y =
x−1 ln−1 Cx3  x = 0  y = 0  ( 2
√
(1/xy2)− 1 = − lnCx  y = 0  xy2 = 1 
	
	     

  	 	

 
 ;9 
 
y′ + a(x)y = b(x) A;9B
 !
C
 b(x) = 0 &
 	
 
y′ + a(x)y = 0 A;(B
  ! 
 $
 ! &
 A;(B


& 
! 	
2
dy
y
= −a(x)dx, ln |y| = −
∫
a(x) dx, y = Ce−
∫
a(x) dx. A;;B
=

" ! 
 &
 A;9B 6 & 	
%
  	
	  -& " 
 &
 
A;9B  
y = C(x)e−
∫
a(x) dx, A;,B

 	!&/  A;;B  C  &1 &1 C(x)  C
!  
6 A;,B  &
 A;9B
dC(x)
dx
e−
∫
a(x) dx − C(x)a(x)e−
∫
a(x) dx + C(x)a(x)e−
∫
a(x) dx = b(x),
dC(x)
dx
= b(x)e
∫
a(x) dx.
$1
C(x) =
∫
b(x)e
∫
a(x) dx dx + C0,
 C0  	
!" 	   C!   
&!& A;,B 	!&/
%0 
 ! 
 &
 A;9B
y = e−
∫
a(x) dx
(
C0 +
∫
b(x)e
∫
a(x) dx dx
)
.
 

 9 ? 
 &
 
y′ − y · ctg x = sinx.
!   &10 
 &

y′ − y · ctgx = 0, dy
y
=
cos xdx
sinx
,
dy
y
=
d sinx
sinx
,
ln |y| = ln | sinx|+ ln |C|, y = C · sinx.
$%0 
 2 &
 0  
y = C(x) · sinx.
C!  y  y′ = C ′(x) · sinx + C(x) · cosx  2 &

C ′(x) · sinx + C · cos x− ctg x · C(x) sinx = sinx,
& C ′(x) = 1  C(x) = x + C0  !!" %0 

&
 "
y = (x + C0) sinx.
 	 C!6 y(x) = u(x)v(x)  J &

A;9B 	
 
v (u′ + a(x)u(x)) + (v′u− b(x)) = 0. A;+B
7%
 &1 u(x)  /% 	
 %  ! / &
 
A;+B %
!"  &!"   u(x)  / 
 
 &
 
A;(B #! 5 

& &
  
! 10 	

u′ + a(x)u(x) = 0

 %
 !% / 
 u = u1(x)  C!  &1
u1(x)  u  !&1 /" &
 A;9B 	!&/ &
  

! 10 	
 !" & v(x) 
v′u− b(x) = 0.
?2 %0 
 5 &
 v = v(x,C)  C
6 
 & u1(x)  v(x,C)  	!&/ %0 
 &
 A;9B
y = u1(x)v(x,C).
 

 ( ? 
 &
 
y′ − 2y
x
=
3
x2
.
! C!6 y = uv  	
 &
  &
v
(
u′ − 2u
x
)
+
(
v′u− 3
x2
)
= 0. A;.B
  &

u′ − 2u
x
= 0 ⇒ du
u
= 2
dx
x
⇒ ln |u| = lnx2 + ln |C| ⇒ u = Cx2.
7%
  / 
 u1 = x
2
 C!  u1  &
 A;.B
	!&/
v′x2 − 3
x2
= 0, dv = 3
dx
x4
, v(x,C) = C − 1
x3
.
6 u1(x)  v(x,C)  	!&/ %0 
  &
 
y = Cx2 − 1
x
.
, 3% 2 
,  5!  2 !
# 5  
!4
(6 (x + 1)y′ − 2y = (x + 1)4 
( y′ − yx = −12x3 
*7 y′ + 2yx = x
3

* y′ − y tg x = 1cosx , y(0) = 0
*( xy′ + y = x sinx, y(π) = 1/π 
) 4 (6 y = (x + 1)2(x2/2 + x + C)  ( y = 4/x2 + Cx  *7
y = x4/6 + C/x2  * y = xcosx  *( y = − cosx + (sinx− π + 1)/x 

  		
 	  	
 ?
 &
   ! ! 	 "  
&1 &1  &1 	
&1
 

 ; ? 
 &
 
(2ey − x)y′ = 1.
! 4	  &
  
!2 dx + xdy =
2eydy  J   5 &
 x  y 2  !  &
 %&
! ! x /"  &  y   	

J
x′y = 1/y
′
x ⇒
dx
dy
+ x = 2ey. A;:B
=	!"&  
 	    &10 

 &

dx
dy
+ x = 0 ⇒ dx
x
= −dy ⇒ ln |x| = −y + ln |C| ⇒ x = Ce−y.
  A;:B 0   x = C(y)e−y  C!  x  x′ = C ′(y)e−y −
Ce−y  A;:B 	!&/
C ′(y)e−y = 2ey ⇒ dC = 2e2ydy ⇒ C = e2y + C0.
$%0 
 &
 
x = C0e
−y + ey.
(  	0"1  	
2 &
 6 	
  !

 

 , ? 
 &
 
xdx = (x2 − 2y + 1)dy.
! #! &
z(x) = x2 − 2y(x) + 1 ⇒ dz = 2xdx− 2dy,


&
xdx =
1
2
dz + dy.
C!   2 &
  	!&/
dz = 2(z − 1)dy ⇒ dz
z − 1 = 2dy ⇒ ln |z − 1| = ln |C|+ 2y ⇒ z − 1 = Ce
2y.
7
0  & y(x) 
x2 − 2y = Ce2y.
 

 + ? 
 &
 
x(ey − y′) = 2.
! C
	 &
  
x(1− y′e−y) = 2e−y.
#! &  & e−y = z  J −e−yy′ = z′  C
!   2 &
 	!&/ ! &

z′ − 2
x
z = −1. A;@B
=	!"&  
 	    &10 

 &

z′ − 2
x
z = 0 ⇒ dz
z
= 2
dx
x
⇒ ln |z| = 2 ln |x|+ ln |C| ⇒ z = Cx2.
  2 &
 0   z = C(x)x2  C!   &

 A;@B
C ′x2 = −1 ⇒ C = 1
x
+ C0.
7 
&!" z = C0x
2 + x  C
2  & y(x) 
y = − ln (C0x2 + x).
, 3% 2 
,4
** (sin2 y + x ctg y)y′ = 1 
 
*/ dx = (sin y + 3 cos y + 3x)dy 
* 4y2dx +
(
e
1
2y + x
)
dy = 0 
*. cos yy′ − 3 sin y/x = x3 
*
y′
y − 2x ln yx2−1 = x + 1 
) 4 ** x = (C − cos y) sin y  */ x = − sin y cos y + C sin y  *
y = e1/(2y)+Ce1/(4y)  *. sin y = x4+Cx3  * ln y = (x2−1) ln |x−1|+C(x2−1) 
 	 	
 
 ;( 
 
y′ + a(x)y = b(x)yn, (n = 1) A;*B
 &
 -
&!!

  
  ! % / &
 A;*B  yn
 ! & z = y−n+1 
z′ + (−n + 1)a(x)z = (−n + 1)b(x).
7 
&!" 	!&/ ! 
 &
 !" z 
 

 . C


" &
 -
&!!
xy′ − 4y = x2√y.
! 4" n = 12  #! % /  x
√
y 
1√
y
dy
dx
− 4
x
√
y = x.
7 &1 	
&1
z =
√
y,
dz
dx
=
1
2
√
y
dy
dx
.
C!   &
  	!&/ ! &

dz
dx
− 2z
x
=
x
2
.
 
  
 ! &

dz
dx
=
2z
x
⇒ dz
z
=
2dx
x
⇒ ln |z| = 2 ln |x|+ ln |C| ⇒ z = Cx2.
C
   
 	 
z = C(x)x2.
C!   
 &
  	!&/
dC(x)
dx
=
1
2x
⇒ C(x) = 1
2
ln |x|+ C0.
!!"
z = x2(C0 +
1
2
ln |x|)  y = x4(C0 + 1
2
ln |x|)2.
C
  
 ' y = 0.

  
 C!6
y(x) = u(x)v(x). A;9)B
J &
 A;*B 	
 
u′v + (v′ + a(x)v)u = unvnb(x).
7"  / v  
&! A;9)B %&" / 
 &

 v′ + a(x)v = 0  $1 	!&/ &
  
! 10 	

 ! u(x) 
u′ = unvn−1b(x).
 

 : ? 
 &
 
y′ + 2y = y2ex.
! #!  &
 & y = uv  2
u′v + (v′ + 2v)u = u2v2ex.
?2 %0 
 &
 v′ + 2v = 0 
dv
v
= −2dx ⇒ v(x) = Ce−2x.
  
7%
 / 
 v(x) = e−2x  C!  y = ue−2x  2
&

u′e−2x = u2e−3x ⇒ du
u2
= e−xdx ⇒ 1
u
= e−x + C ⇒ u = (e−x + C)−1.
$1 %0 
 y = ue−2x = (ex + Ce2x)−1  C
  
 '
y = 0.
, 3% 2 
,4
*6 y′ + yx = −xy2 
* 8xy′ − 12y = −(5x2 + 3)y3 
/7 2y′ + y cos x = y−1 cosx.
/ 3xdy = y(1 + x sinx− 3y3 sinx)dx 
) 4 *6 y = (x2 + Cx)−1  y = 0  * y−2 = 5x
2
28 +
1
4 +
C
x3/2
 y = 0 
/7 y2 = 1 + Ce− sinx  / y3(3 + Cecosx) = x  y = 0 
 	 !
 
 ;; 
 
M(x, y)dx + N(x, y)dy + P (x, y)(xdy − ydx) = 0, A;99B
 M(x, y)  N(x, y)  
 & 	 m   P  
 
& 	 l (l = m− 1)   &
 #
%&

 #
%&  
 N = 0  	
 	0  y = zx 	

  &
1 -
&!!   !&/ l = m−2   !& &
1
D! N ≡ 0    y = zx 	
  &
1  
! 10
 	
 C!&	
  y = zix (x = 0)   zi  
 &
 
M(1, z) + N(1, z)z = 0  & %" % 
 
 

 @ ? 
 &
 
xdx + ydy + x(xdy − ydx) = 0.
! C! y = zx   (1 + z2)dx + (zx + x2)dz = 0  $1
dx
dz
+
zx
1 + z2
= − x
2
1 + z2
.
 
 &
 -
&!! =

&  2
1
x
= C
√
1 + z2 + z.
4  z  yx  	!&/
C
√
x2 + y2 + y − 1 = 0.
 

 * ? 
 &
 
−x
√
x2 − y2dx + xdy − ydx = 0.
!  &
 #
%&  
 N ≡ 0  C! y = zx 
x(z′x + z)− zx = x
√
x2 − z2x2 ⇒ z′ =
√
1− z2 ⇒ z = sin(x + C),
 −π2 − C ≤ x ≤ π2 − C  $% 
 z = ±1  !!"
y = x sin(x + C), −π
2
− C ≤ x ≤ π
2
− C; y = ±x (x = 0).
" 	 #	$	
 
 ;, 
 
y′ = p(x)y2 + q(x)y + r(x), A;9(B
 
 	
 /" " 
/ &   & y 
 &
  
D!   / 
 y1 &
    	
 y = y1 +
1
z   z    &  	
 5 &

  !& 4 y = y1 + z &
   	
 
&
1 -
&!!
 

 9) ? 
 &
 
xy′ − y2 = −(2x + 1)y + x2 + 2x.
 
! C
	!6 / / 
   y1 = ax + b 
C!    &

ax = a2x2 + 2abx + b2 − (2x + 1)(ax + b) + x2 + 2x,
ax = (a2 − 2a + 1)x2 + (2ab− 2b− a + 2)x− b.
C

 5 	
 	%2 /!2 	!&/ &
 
a  b 
	
 x0 0 = −b,
	
 x1 a = 2ab− 2b− a + 2,
	
 x2 0 = a2 − 2a + 1.
$1 a = 1  b = 0 ⇒ y1 = x  #! &
y = x +
1
z
 2 &

xz′ = z − 1 ⇒ dz
z − 1 =
dx
x
⇒ z = 1 + Cx.
C
  
 z − 1 = 0 !&  %0 
 	
 C = 0 
7
0  & y(x) 
y = x +
1
1 + Cx
.
 

 99 ? 
 &
 
y′ + 2yex − y2 = e2x + ex.
! C
	!6 / / 
   y1 = be
x
 C
!   &

bex + 2be2x − b2e2x = e2x + ex.
C

 5 	
 	%2 /!2 	!&/ &

  b 
	
 ex b = 1,
	
 e2x 2b− b2 = 1.
 	
$1 b = 1 ⇒ y1 = ex  #! &
y = ex +
1
z
 2 &

z′ = −1 ⇒ z = −(x + C).
7
0  & y(x) 
y = ex − 1
x + C
.
   # y′ = Ay2 + Bx y +
C
x2

   
y′ = Ay2 +
B
x
y +
C
x2
, A;9;B
 A  B  C  	  /! 	
/ (B + 1)2  4AC   /


y1 =
a
x
, A;9,B
 a  
 	  /! 	
!  	 A;9,B  &

 A;9;B

 A;9;B 6 6 	
  &
1  
! 10
 	
 	&  y = zx 
 

 9( ? 
 &
 
y′ =
1
2
y2 +
1
2x2
.
! D / 
 %& "   y1 =
a
x  C!  
y1  &
 	!&/
− a
x2
=
a2
2x2
+
1
2x2
⇒ a2 + 2a + 1 = 0,
& a = −1  !!" y1 = − 1x  C! 	
"
y = y1 +
1
z
= −1
x
+
1
z
,
 
	
2  !& &
1
z′ − z
x
= −1
2
,

 6 
"  
 	  ! 
	 =

&  2
z =
x
2
(C − ln |x|).
C5&
y = −1
x
+
2
x(C − ln |x|) .
   # y′ = Ay
2
x +
1
2
y
x + C

   
y′ = A
y2
x
+
1
2
y
x
+ C ! y′x− 1
2
y − Ay2 = Cx A;9+B
	 y = z
√
x 	
  &
1  
! 10 	


√
xz′ = Az2+C  !!"  

&  5!
2
& 2
8& 
  y′ + Ay2 = Bxm
 
 ;+ 
 
y′ + Ay2 = Bxm A;9.B
 	!" &
  
C
 m = 0 	!&/ &
  
! 10 	
G
	
 m = −2 	!&/ &
  A;9;B 
 

& 
5!
2 & 2 6 	
 2 m  ! 
2
m
2m + 4
= k (k ∈ Z). A;9:B
7 5 !&/ &
 6 	
  &
1  A;9+B 7 
 x  y  	
 t  z 	 
&!
xm+2 = t, y =
z(t)
x
=
z(t)
t1/(m+2)
, y′x =
y′t
x′t
,
 
	!&/ &

tz′ + αz + βz2 = γt
(
α = k − 1
2
)
,

 	
  &
1  A;9+B  	0"1 	!!"
	
 	
z =
t
1+α
γ + u
! z = −α
β
+
t
u
, A;9@B
 &!/102 ! &"102 /! α  &
 

 9; ? 
 &
 
y′ = y2 + x−4.
! 4" m = −4  &! A;9:B 	! 	
/ k = 1 
C
  	
y =
z
x
= z(t)
√
t, x−2 = t, y′x =
y′t
x′t
=
(
z(t)
√
t
)′
t
(1/
√
t)′t
= −2t2z′t − tz,
	!&/
tz′ +
1
2
z +
1
2
z2 = −1
2
t
(
α =
1
2
, β =
1
2
, γ = −1
2
)
.
K% 	
 5 &
  & A;9+B &6 	
"  

	& A;9@B  z = −1 + tu  	! / 
tu′ − 1
2
u− 1
2
u2 =
1
2
t.
 &
  A;9+B C! u = v
√
t  2
√
tv′ =
1 + v2
2
,
&
v = tg(
√
t + C), −π
2
− C ≤ √t ≤ π
2
− C.
!!"
u =
√
t tg(
√
t + C), z = −1 +√t ctg(√t + C).
C
2  & y(x) 
y =
1
x2
ctg
(
1
x
+ C
)
− 1
x
.
 
9 y = α(x)z

   A;9(B  	0"1 	  y = α(x)z 6
	
  & &
1    
 5 	
 

 & 
 ±1 
C  y = z + β(x) 6    5 	


  & !" 
 &!1 && 5 	

z(x) 
%
& & 	 &
   6 	

  & y′ = ±y2 + R(x)  D! 	
 5 6  / R(x) = Bxm 
	!&/ 	!" &
  
 

 9, ? 
 &
  	
   & y′ = y2 + C 
xy′ = x2y2 + y + 2x−2 + 2.
! L 	0"1 	 y = β(x)z 	
  &
1
   
 5 	
 
  & 
 1 
xβ′z + xβz′ = β2x2z2 + βz + 2x−2 + 2.
C

 5 	
 
  & z  	!&
/ &
  &1 β 
β2x2 = 1 ! β = x−1.
#! 	& y = x−1z(x)  2 &

z′ = z2 + 2
z
x
+
2
x2
+ 2.
C
2   & z = u(x) + α(x)  	! &

u′ + α′ = u2 + α2 + 2αu + 2
u
x
+ 2
α
x
+
2
x2
+ 2.
H&1 α(x) 	%
  /% !%
/ & 5
	
 u 
 !" &!1
2α +
2
x
= 0 ! α = −1
x
.
 

7 
&!" 	!&/ &
  
! 10 	

u′ = u2 +2,
du
u2 + 2
= dx,
1√
2
arctg
(
u√
2
)
= x+C, u =
√
2 tg(
√
2x+C).
7
0  & y(x) 
y =
√
2
x
tg(
√
2x + C)− 1
x2
, − π
2
√
2
− C√
2
< x <
π
2
√
2
− C√
2
.
, 3% 2 # 
,4
/( y′ − 2xy + y2 = 5− x2 
/* x2y′ = x2y2 + yx + 1 
// y′ = −y2 + x4 
/ xy′ = y2 − 3y + 4x2 + 2 
) 4
/( y = x + 2 + 4Ce4x−1 , y = x + 2 
/* y = − 1x + 1x(C−lnx) 
// y = 1x + tg(−1/x + C)/x2 
/ y = 2x tg(2x + C) + 2

	 ! "  #
# $% 
&%
   	
  % 	&&'	%
 
 ,9 

M(x, y)dx + N(x, y)dy = 0 A,9B
 &
  	!2 
!2 !  ! /"
 !  	! 
! 
 & F (x, y) 
C
	! / & M  N 	
!  	

  

   %! D  1   	

 / 	

  	 x  y  J !  /% &
 A,9B %!
&
  	!2 
!2 %2  / /% 
	! !" 6
∂M
∂y
≡ ∂N
∂x
. A,(B
8&!3 2
  K% 
" &
 A,9B   &1 F (x, y)   

	! 
! dF (x, y) = F ′xdx+F
′
ydy 
 ! / &
 
A,9B J %0 
 &
 A,9B 6 	"   F (x, y) =
C     	
!" 	   H& F (x, y) !6 &!
 "
 &
 ⎧⎨⎩
∂F
∂x = M,
∂F
∂y = N.
A,;B
=

& A/ %
B 	 x 	
  &
 A,;B 
F (x, y) =
∫
M(x, y)dx + ϕ(y), A,,B
 ϕ(y)  !1% &  y 
7%
 ϕ(y)  /% & A,,B %! 
  
 
&
 A,;B #

& &
 A,,B 	 y  	! ∂F∂y = N  	
!&/ ! 26 ϕ(y) ! 

& 
!" &

 ϕ′(y) = ω(y)  	
 /" 
  !"  y  =

& 
5 &
  /  / ϕ(y) 6  " ϕ(y) =
∫
ω(y)dy 
C5& %0 
! &
 A,9B 6 	" ∫
M(x, y)dx +
∫
ω(y)dy = C.
!/ 2  &
 
∂F
∂y = N  	
2  %0& 
!&
 ∫
N(x, y)dx +
∫
ω1(y)dy = C.
$%0 
! 6  
& 	!"& 
&!&∫ x
x0
M(x, y)dx +
∫ y
y0
N(x0, y)dy = C.
4/ x0  y0 %
1  /% &0! 5  
!
 	! ! %! 	
 
 

 9 ? 
 &
 
2xydx + (x2 − y2)dy = 0.
! 7  	


M(x, y) = 2xy; N(x, y) = x2 − y2.
 
J 
∂M
∂y
=
∂(2xy)
∂y
= 2x,
∂N
∂x
=
∂(x2 − y2)
∂x
= 2x,
 &
  !  &
  	!2 
!2 = 
& F (x, y) 	
!   ⎧⎨⎩
∂F
∂x = 2xy
∂F
∂y = x
2 − y2.
A,+B
=

& 	
 &
   A,+B 	!&/
F (x, y) =
∫
2xydx = x2y + ϕ(y). A,.B
C!  A,.B  
 &
  A,+B 	!&/
x2 + ϕ′(y) = x2 − y2 ⇒ ϕ′(y) = −y2 ⇒ ϕ(y) = −y
3
3
.
= A,.B !&
F (x, y) = x2y − y
3
3
.
$%0 
! 2 &
  
x2y − y
3
3
= C.
 $%0 
! &
 A,9B 6 6 	"  ∫ x
x0
M(x, y)dx +
∫ y
y0
N(x0, y)dy = C A,:B
! ∫ x
x0
M(x, y0)dx +
∫ y
y0
N(x, y)dy = C, A,@B
 6 	
! x0  y0 %
1 	
!"   /% /
(x0, y0) 	
!6! %! D 
7 52 
&!2 

 	
 	   	

2   
  
  !  	

 	
/    

! 	

 
& A	! 
 6& 	
!& 
&

!B

 

 ( ? 
 &
 
(3x2 + 6xy2)dx + (6x2y + 4y3)dy = 0.
! 4"
∂M
∂y
=
∂N
∂x
= 12xy,
 &! A,(B 	!  !!"  &
 " &

  	!2 
!2
? %0 
! &
 	 
&! A,:B 7  x0 = 0 
y0 = 0  	!&/ ∫ x
0
(3x2 + 6xy2)dx +
∫ y
0
4y3dy = C.
$1
x3 + 3x2y2 + y4 = C.
 #! 
 
2 &
 6 	
"  !
 	!2 
! 	!"&  
&!
d(xayb) = xa−1yb−1(aydx + bxdy), d(xy) = xdy + ydx, A,*B
d
(
x
y
)
=
ydx− xdy
y2
, d(ya) = aya−1dy, d(ln y) =
dy
y
  	
 

 ; ? 
 &
 
(x3 − y)dx− (y2 + x)dy = 0.
! /! !  
&		& /! 	
! 10&1 %
	! 
!
x3dx− ydx− y2dy − xdy = 0.
J 
x3dx = d
x4
4
, y2dy = d
y3
3
, −ydx− xdy = −d(xy), A,9)B

d
(
x4
4
− y
3
3
− xy
)
= 0 ⇒ x
4
4
− y
3
3
− xy = C.

 

 , ? 
 &
 
y
x
dx + (y3 + lnx)dy = 0.
!
y3dy = d
y4
4
,
y
x
dx + lnxdy = yd ln x + dy lnx = d(y lnx).
$1
d
(
y4
4
+ y ln x
)
= 0 ⇒ y
4
4
+ y lnx = C.
 D!  &
 6 !" 	! 
! 

2 & ϕ(x, y) ψ(x, y)    &
 &	
0  ! 
	
2 (x, y) 	
  	
 (g, z)   z = ϕ(x, y), g = ψ(x, y) 
 

 + ? 
 &
 
ydx− (x3y + x)dy = 0.
!  ! &
  x2  	!&/
ydx− xdy
x2
− xydy = 0 ⇒ d
(y
x
)
+ xydy = 0.
C
M  	
2 (x, y)  	
 (z, y)   z = yx 
dz +
y2
z
dy = 0.
$&
zdz + y2dy = 0 ⇒ z
2
2
+
y3
3
= C.
7
0  
 	

1
2
(y
x
)2
+
y3
3
= C.
C
 !  x2 %! 	
  
 x = 0 
 

 . ? 
 &
 
y3dx− 2xy2dy − x4dy + 2yx3dx = 0, (x > 0, y > 0).
	
! 
&		
& /! &
  /% 6 %! 
!" 	! 
!
y2(ydx− 2xdy) + x3(2ydx− xdy) = 0.
C
 
&!& A,*B 	!&/
ydx− 2xdy = y3d
(
x
y2
)
,
2ydx− xdy = y
2
x
d
(
x2
y
)
.
C5& &
 6 	
	"  
y5d
(
x
y2
)
+ y2x2d
(
x2
y
)
= 0.
#! & 	
2
u =
x
y2
, v =
x2
y
,
$1
y =
( v
u2
) 1
3
, x =
(
v2
u
) 1
3
.
C!   &
( v
u2
) 5
3
du +
(
v2
u
) 2
3 ( v
u2
) 2
3
dv = 0.
 ! 	
 	!&/
u−
4
3du + v
1
3dv = 0,
=

&
−u− 13 + 1
4
v
4
3 = C.
7
0  	
 x  y 
x3
4
− y2 = C 3
√
y4x.

  ($)		 *	$+
 
 ,( =

&10 6! ! &
 
M(x, y)dx + N(x, y)dy = 0 A,99B
  & μ(x, y) = 0  	! &6  
&1 &

 	

0  &
  	!2 
!2
D!  

&10 6!" μ(x, y)   


 &
   &61 %2  /  μ(x, y) 
261 %0 
! 	!&/ &
  	!2 

!2 D! μ(x, y)  2 /2 
 
 %
0  %
/"  6 	
 
2 
  &
 G !
μ(x, y) %
0  &!"  " 
 " 	!&/" 	
 

  D! μ(x, y) " 	

 

& &  x  y 

∂(μM)
∂y
≡ ∂(μN)
∂x
.
$1
N
∂μ
∂x
−M∂μ
∂y
= μ
(
∂M
∂y
− ∂N
∂x
)
. A,9(B
  D! 
  / μ = μ(ω)   ω   &  x 
y   &
 A,9(B   %& &
1  
& μ   	
 ω
dμ
dω
= ψ(ω)μ, A,9;B

∂M
∂y − ∂N∂x
N ∂ω∂x −M ∂ω∂y
≡ ψ(ω), A,9,B
 
%" !  !  & !"  ω 
  &
 A,9;B 2 

&10 6!"
μ = ce
∫
ψ(ω)dω.

7 / &
 A,99B  

&10 6!" 
 0 !"  x (ω = x) ! !"  y (ω = x)  ! 	! 
 !&10 &! 
∂M
∂y − ∂N∂x
N
≡ ψ(x) (μ = e
∫
ψ(x)dx) A,9+B
!
∂M
∂y − ∂N∂x
−M ≡ ψ(y) (μ = e
∫
ψ(y)dy). A,9.B
 

 : ? 
 &
 
(1− yx2)dx + x2(x− y)dy = 0.
! C

   !  

&10 6!  
 0 !"  x 
∂M
∂y − ∂N∂x
N
=
−x2 − 2xy + 3x2
x2(y − x) = −
2
x
≡ ψ(x),
 &! A,9+B 	! C5&
μ = e
∫
ψ(x)dx = exp(−
∫
2
x
dx) =
1
x2
.
6 % / 2 &
 
1
x2  	!&/(
1
x2
− y
)
dx + (y − x)dy = 0.
%  / 	!&/ &
  !  &
  	!2

!2
∂M
∂y
=
∂( 1x2 − y)
∂y
= −1, ∂N
∂x
=
∂(y − x)
∂x
= −1.
$%0 
! &
 	
!   ⎧⎨⎩
∂F
∂x =
1
x2 − y
∂F
∂y = y − x.
A,9:B
= 	
 &
  A,9:B 2
F = −1
x
− yx + ϕ(y).

C!  F  
 &
  A,9:B 	!&/ &
 
&1 ϕ(y) 
ϕ′ = y ⇒ ϕ = y
2
2
.
$1
F = −1
x
− yx + y
2
2
.
$%0 
  &
  
−1
x
− yx + y
2
2
= C.
=

&10 6!" μ  &!"  %
0  / 	

2 
  C
 x = 0 μ %
0  %/"  6
x = 0 ' 	
  
 ?	
 	  2 &

 	 / x = 0  !  

 

 @ ? 
 &
 
(
√
x2 − y + 2x)dx− dy = 0,
!  / !  

&10 6!"   μ = μ(x2−
y) 
! C!  &! A,9,B ω = x2 − y 
∂M
∂y − ∂N∂x
N ∂ω∂x −M ∂ω∂y
=
(−1)
2
√
x2−y
−2x + (
√
x2 − y + 2x) = −
1
2(x2 − y) = −
1
2ω
≡ ψ(ω).
C5&
μ = e
∫
ψ(ω)dω = e−
∫
( 12ω)dω =
1√
ω
=
1√
x2 − y .
6 % / 2 &
 
1√
x2−y  
&		
&  	!&/
dx +
2xdx− dy√
x2 − y = 0 ⇒ dx +
d(x2 − y)√
x2 − y = 0 ⇒
⇒ dx + 2d(
√
x2 − y) = 0 ⇒ x + 2
√
x2 − y = C.
4" μ %
0  %/"  /2 
 y = x2  H& y = x2
 !  	
  



 =

&10 6!" &
 A,99B 6 "  	
0"1 
% 5 &
  
&		 ! 6  
2 !
2 

&10 6!"
C&" &
 A,99B 	& 
%    
&		
(M1(x, y)dx + N1(x, y)dy) + (M2(x, y)dx + N2(x, y)dy) = 0 A,9@B
 μ1  μ2  2 

&10 6!  /
μ1(M1dx + N1dy) = dU1, μ2(M2dx + N2dy) = dU2.
C	 	%
" & ϕ(U1)  ψ(U2)  %
 /%
μ1ϕ(U1) = μ2ψ(U2). A,9*B
J & 
μ = μ1ϕ(U1) = μ2ψ(U2)
%& 

&10 6!  &
 A,9@B 
 	!
&6 %2  /  5 

&10 6!" 	
 
ϕ(U1)dU1 + ψ(U2)dU2 = 0,
 !!" %0 
! &
 A,9@B 	 ∫
ϕ(U1)dU1 +
∫
ψ(U2)dU2 = C. A,()B
 9 C%
 & ϕ  ψ  %!/  
!
U1  U2 
& 
! 	
!   6 %! ? 
!" 	" %0 
! 	 
&! A,()B
 

 * ? 
 &
 
y(1 + yx)dx + (
1
2
x2y + y + 1)dy = 0. A,(9B
!  %" &
   
&		(
y(1 + xy)dx +
1
2
x2ydy
)
+ (y + 1)dy = 0.

#! 	
  2 μ1 =
1
y  U1 = x+
1
2x
2y  7
 
&		 	
!  %
	! 
!  / μ2 = 1  U2 =
y2
2 + y.   A,9*B 	


1
y
ϕ(x+ 12x2y)
= 1 · ψ(y2
2 +y
). A,((B
H&1 ϕ &6 	%
"  /% ! /" 5 
 !
&  0 !"  y  C5& &6 	!6" ϕ(U1) = 8NOPQ
	

 ϕ(U1) = 1 #! &/ / A9B ! &% 	%

& ψ  
! U2 
! Û2 = y  J 
 A,9*B
6 	
	"  
1
y = ψ(y)  	5& 

&10 6!"
&
 A,(9B %& μ = 1y  6 % / &
 A,(9B  μ =
1
y 
	!&/ &
  	!2 
!2
(1 + xy)dx +
(
1
2
x2 + 1 +
1
y
)
dy = 0.
=

&  2
U = x +
x2
2
y + y + ϕ(y); ϕ′(y) = 1 +
1
y
⇒ ϕ(y) = y + ln y.
$%0 
! &
 A,(9B %&
x +
x2
2
y + y + ln y = C.
, 3% 2 
,4
/. (x2 + y2 + 2x)dx + 2xydy = 0 
/
y
xdx +
(
y3 + lnx
)
dy = 0 
/6 xex + yx2 − y
′
x = 0 
/ (y3 + cosx)dx + (3xy2 + ey)dy = 0 
7 xdx + ydy = xdy−ydxx2+y2 

(
2xy + x2y + y
3
3
)
dx + (x2 + y2)dy = 0 
( y(1 + xy) = xy′ 
* (x2 + y2 + x)dx + ydy = 0 
/ (y − 1x)dx + dyy = 0 
 y(x2 − y + 1)dx + x(x2 + 1)dy = 0 

) 4 /.
x3
3 +xy
2+x2 = C  / 4y lnx+y4 = C  /6 y = x2ex−xex+
Cx  / xy3+sinx+ey = C  7 x2+y2−2 arctg yx = C   yex
(
x2 + y
2
3
)
= C 
(
x
y +
x2
2 = C  * 2x + ln(x
2 + y2) = C  / (x2 − C)y = 2x   −y + 1 =
xy(arctg x + C) 
 
	 ' "(  )
%%  
7  ! 

1 	% 
 &
 1 	
 
 

 !" 	

F (x, y, y′) = 0. A+9B
"  !	&&'	+ 	
 1) 

,	% $
D! &
 A+9B 
 	 !" y′   

 5 &

 !" y′  	!&/  &
 
y′ = f1(x, y), y′ = f2(x, y). A+(B
$%0 
! &
 A+9B  
Φ(x, y, C) ≡ Φ1(x, y, C)Φ2(x, y, C) = 0, A+;B
 Φ1  Φ2 ' %0 
! &
 A+(B
#! &
 A+9B 6 &0" 		" 
 #			 

$ 
/ % 
! 	
!  % %10&1 
 
2 A+;B  6 %" 	!&/  
&!" !1/ 
 C   &

Φ(x, y, C) = 0, Φ′C(x, y, C) = 0 A+,B
!  
&!" !1/ p = y′   &

F (x, y, p) = 0, F ′p(x, y, p) = 0. A++B
 

 9) ? 
 &
 
xy′2 + 2xy′ − y = 0. A+.B
!   
 &
 !" y′    

2 &
 
y′ = −1 +
√
1 + y/x, y′ = −1−
√
1 + y/x,
	
!2  %! x(x + y) > 0, %0 
! 
2
(2x + y − C)− 2
√
x2 + xy = 0, (2x + y − C) + 2
√
x2 + xy = 0.
C
6  	!&/ %0 
!  &
 
(y − C)2 = 4Cx
A 	
%!B #

& %0 
! 	 C  	!&/ 
& &

(y − C)2 = 4Cx, C − y = 2x.
=!1/ C   % 
! x + y = 0. C

 	 /
x + y = 0 " 
  &
 
" -$ 	
 $
C&" &
 A+9B 

 !" 	
 x  
x = f(y, y′). A+:B
D!  	

 p = dydx   	!&/ x = f(y, p)  7"M 	!

!
dx =
∂f
∂y
dy +
∂f
∂p
dp.
! & dx = dyp  7 
&!" 	!&/ & &

dy
p
=
∂f
∂y
dy +
∂f
∂p
dp, x = f(y, p), A+@B

 
 	
!  
 &
 A+:B  	

/ 
y = ϕ(p, C), x = f(ϕ(p, C), p). A+*B
=!1/ 	

 p  	!&/ %0 
!
Φ(x, y, C) = 0. A+9)B
D! &
 A+9B 

 !" 	
 y 
y = f(x, y′), A+99B
  &
 !  /
pdx =
∂f
∂x
dx +
∂f
∂p
dp, y = f(x, p). A+9(B
 

 99 ? 
 &
 
y = y′2 − xy′ + x
2
2
. A+9;B
! 7 	

 y′ = p 
y = p2 − xp + x
2
2
. A+9,B
? 	! 
!
dy = 2pdp− xdp− pdx + xdx.
! & dy = pdx  
&		
& !  /
(2p− x)(dp− dx) = 0.
$1  ! 
9 dp− dx = 0 ⇒ p = x + C. C!&/ 
  	

/ ⎧⎨⎩ y = p2 − xp + x2/2,p = x + C. A+9+B
=!1/ 	

 p   %0 

y = x2/2 + Cx + C2. A+9.B
	
? % 
⎧⎨⎩ y = x2/2 + Cx + C2,∂y
∂C =
∂
∂C
(
x2/2 + Cx + C2
)
.
⇒
⎧⎨⎩ y = x2/2 + Cx + C2,0 = x + 2C. A+9:B
=!1/ C  	!&/ &1  y = x2/4  ?	
 	
 5 &  2 &
 A+9;B %
0   6
!!" & y = x2/4  !  % 

( 2p− x = 0 ⇒ p = x/2. $1⎧⎨⎩ y = p2 − xp + x2/2,p = x/2. A+9@B
  y = x2/4  6  % 

, 3% 2 
,4
. y′2 + xy = y2 + xy′ 
 y′2 + xyy
′ + 1 = 0
6 y = xy′2 − 2y′3 
 x = y′
√
y′2 + 1 
.7yy′2 − 2xy′ + y = 0 
. 2xy′ − y = y′ ln yy′ 
) 4 . y = Cex G y = Ce−x+x−1   (x2C2+1−2Cy)(x2+C2−
2Cy) = 0G % 
! x2 − y2 = 0  6
⎧⎨⎩ y = xp2 − 2p3,x = 2p3−3p2+C(1−p)2  y = x − 2 G
$% 
 y = 0  
⎧⎨⎩ y =
2(p2+1)3/2
3 − (p2 + 1)1/2 + C,
x = p
√
p2 + 1.
.7 y2 + C2 =
2Cx G % 
! x2 − y2 = 0  . y2 = 2Cx− C lnC G % 
!
2x = 1 + 2 ln |y| 
" 	
 )* 	 .
 
 +9 #
!" &
 
y = xϕ(y′) + ψ(y′) A+9*B

1 &
 <
6
C
 	0  	

 y′ = p &
 A+9*B  
!& !" x 
y = xϕ(p)+ψ(p) ⇒ pdx = ϕ(p)dx+(xϕ′p(p) + ψ′p(p)) dp ⇒ dxdp = xϕ′p(p) + ψ′p(p)p− ϕ(p)
' ! &
 p − ϕ(p) = 0 ' 	
  
 $% 

2 %/ 	

 
 +( D!  &
 A+9*B ϕ(y′) = y′   	!&/ &

!

y = xy′ + ψ(y′). A+()B
 

 9( ? 
 &
 
y = 2y′x + 1/y′. A+(9B
! C! y′ = p   y = 2px + 1/p  #

& 
  dy  pdx  	!&/ pdx = 2pdx+2xdp−dp/p2 ! dx/dp = −2p/x+
1/p3.   5 &
 %& "
x =
1
p2
(ln p + C).
!!" %0 
! %&⎧⎨⎩ x =
1
p2 (ln p + C),
y = 2px + 1/p.
A+((B
#! 26 % 
! 	 %0& 	
!& !  &
y = 2px + 1/p,
∂y
∂p
=
∂(2px + 1/p)
∂p
⇒ y = 2px + 1/p, 0 = 2x− 1/p2.
$1
x =
1
2p2
, y = 2/p
 !!"
y = ±2
√
2x.

C!  y  &
 A+(9B &%6  / 	!&/ & 
 !  
  !!" &
 A+(9B   % 

!
, 3% 2 
,4
.( 2y = x
(
y′ + 4y′
)

.* y = y′ +
√
1− y′2 
./y′3 = 3(xy′ − y) 
. y = xy′ + y′2 
.. y = xy′ +
√
1 + y′2 
) 4 .( y = C + x
2
C G % 
! y = ±x  .*⎧⎨⎩ x = ln |p| − arcsin p + C,y = p +√1− p2. ./ C3 = 3(Cx−y) G % 
! 9y2 = 4x3 
. y = Cx + C2 G % 
! y = −x24  .. y = Cx +
√
1 + C2 G %

! x2 + y2 = 1 
" / 	

 
 +; #
!" &
 
F (y′) = 0, F (y, y′) = 0, F (x, y′) = 0 A+(;B
1 	!
D! &
   F (y′) = 0,  %0 
! ' F
(
y−C
x
)
= 0.
 	
! &
 A+(;B & %" 
  	0"1 	


 C

& &
 F (x, y′) = 0⎧⎨⎩ x = ϕ(t),y′ = ψ(t). A+(,B
$1 dy = ψ(t)dx = ψ(t)ϕ′t(t)dt ⇒ y =
∫
ψ(t)ϕ′t(t)dt + C  J %

	!&/ 
  	

/ ⎧⎨⎩ x = ϕ(t),y = ∫ ψ(t)ϕ′t(t)dt + C. A+(+B

!/ ! &
 F (y, y′) = 0⎧⎨⎩ y = ϕ(t),y′ = ψ(t) ⇒
⎧⎨⎩ dy = ϕ(t)′tdt,dy = ψ(t)dx A+(.B
=!1/   dy
dx =
ϕ′t(t)dt
ψ(t)
. A+(:B
J %
 ⎧⎨⎩ y = ϕ(t),x = ∫ ϕ′t(t)dtψ(t) + C. A+(@B
7 	
   	

1 2 &
 R >6
!" !" /2 !&/
 C&" &
 	

  
axα + by′β = c,
 a  b  c  α  β ' 	  7 5 !&/ 	!"&1 


/ 
&! ⎧⎪⎨⎪⎩ sin
2 t + cos2 = 1,
1
cos2 t
− tg2 t = 1.
A+(*B
D! a > 0  b > 0   ! ⎧⎨⎩ axα = c cos2 t,by′β = c sin2 t ⇒
⎧⎪⎨⎪⎩
x =
( c
a
cos2 t
)1/α
,
y′ =
(c
b
sin2 t
)1/β
.
A+;)B
 

 9; ? 
 &
 
y′2 + x2 = 1.
! C

& &
⎧⎨⎩ x = cos t,y′ = sin t ⇒
⎧⎨⎩ dx = − sin tdt,dy = sin tdx. A+;9B


C dx  	
 &
  A+;9B  

dy = sin tdx = − sin2 tdt ⇒ y = 1
4
sin 2t− t
2
+ C.
C!&/ 
  	

/ ⎧⎨⎩ x = cos t,y = 14 sin 2t− t2 + C. A+;(B
( 
 
6
√
a2 ± y′2 ! √a2 ± x2   	

 
 

/ ! 	
%!/ 
 

 9, C

" &

y′ ctg x =
√
a2 − y′2.
! #! & y′ = a sin t  =2 &
 	
 
ctg x = ctg t  $1 ⎧⎨⎩ x = t,y′ = a sin t. A+;;B
* 
 
P (x, y′) + Q(x, y′) + R(x, y′) = 0,
 P  Q  R ' 
 & 
 m  m + 1  m + 2  
 =	!"& 	& y′ = tx 
x2R(1, t) + xQ(1, t) + R(1, t) = 0.
C!&/! 
 &
 !" x  D! &0&1 0
 
 x = ω(t)   	

1⎧⎨⎩ x = ω(t),y′ = tx = tω(t). A+;,B
D! P  Q  R ' & 
& y  y′   ! & y′ = ty 
	
/ 
 
P (x, y′) + Q(x, y′) = 0,
 P  Q ' 
 & 
 m  n   C&"
n > m  =	!"& 	& y′ = tx 
xmP (1, t) + xnQ(1, t) = 0 ⇒ x =
(
−P (1, t)
Q(1, t)
)1/(n−m)
.
C

 
⎧⎪⎨⎪⎩ x =
(
−P (1,t)Q(1,t)
)1/(n−m)
,
y′ = tx.
A+;+B
 

 9+ C

" &

x4 + y′4 − 2x2y′ = 0.
! 7
6 x4 + y′4 " 
 & 4 	
 
2x2y′ ' 
 & 3 	
  #! &
y′ = tx, A+;.B

x4 + t4x4 − 2x2tx = 0 ⇒ x = 2t
1 + t4
. A+;:B
C!  A+;:B  & A+;.B   %
 	

& &

 ⎧⎨⎩ x =
2t
1+t4 ,
dy
dx =
2t2
1+t4 .
A+;@B
 D! ! /" &
 F (x, y′) = 0 AF (y, y′) = 0B " 
/! 	 x  y′ Ay  y′ B  F (x, p) = 0 AF (y, p) = 0B I &

!%
/ 
  y′ = p  ?2 &!&1 /&  ⎧⎨⎩ F ′x(x, p) = 0,F ′p(x, p) = 0. ⇒ x = a, p = b. A+;*B
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/& ! & x1 = x−a, p1 = p−b 
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y2y′ − y2 − y′2 + 4y′ − 4 = 0.
! 7 	

 y′ = p 
F (y, p) ≡ py2 − y2 − p2 + 4p− 4 = 0. A+,)B
?2 &!&1 /&   &
⎧⎨⎩ F ′y(x, p) ≡ 2py − 2y = 0,F ′p(x, p) ≡ y2 − 2p + 4 = 0. A+,9B
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y = 0, p = 2  C
2   	
 y1 = y, p1 = p− 2  

A+,)B 	
 
p1y
2
1 + y
2
1 − p21 = 0.
H& p1y
2
1 I 
 & 3 	
  y
2
1−p21 I 
 &
 2 	
  !!" ! & p1 = ty 
ty1y
2
1 + y
2
1 − t2y21 = 0.
$1
y1 =
t2 − 1
t
⇒
⎧⎨⎩ y1 =
t2−1
t ,
p1 = t
2 − 1
⇒
⎧⎨⎩ y =
t2−1
t ,
p = t2 + 1.
⇒
⎧⎨⎩ y =
t2−1
t ,
dy
dx = t
2 + 1.
A+,(B
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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. y′ − sin y′ = 0 
.6 y2/5 + y′2/5 = a2/5 
. y′3 − x3(1− y′) = 0
7 y4 − y′4 − yy′2 = 0 
 y′3 − 2y′2 − x2 + y′ + 2x− 1 = 0
	 
( y2y′ − y2 − y′2 + 4y′ − 4 = 0
) 4
. (y − C)/x− sin [(y − C)/x] = 0.
.6
⎧⎨⎩ y = a cos5 t,x = 53 ctg3 t− 5 ctg t− 5t + C.
.
⎧⎨⎩ y = −t2/2 +
2t5
5 + 1/t + C,
x = 1/t− t2.
7 y = 0 
⎧⎨⎩ y =
t2
1−t4 ,
x = −2/t− ln ∣∣ t−1t+1∣∣− 2 arctg t + C.

⎧⎨⎩ y =
3
5t5 − 13t3 + C,
x = 1/t3 − 1/t + 1.
(
⎧⎨⎩ y = t−
1
t ,
x = −1/t + C.
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